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TLiis paper explains our approach to the problem of pattern 
recognition by serial computer . The rue lcteri t a ry theory o£ 
via ton presented here Lies within the framework o£ automata 
theory. Our goal is to classify the types of patterns that 
can be recognised by an automaton that scans e finite 
2-dimonstonal tape. For example* we would like to know if 
an auroras con can, decide whether or not a given pattern on a 
cape fordui o connected region. 

This paper should bo Viewed as a Progress Report on work 
done CO da CO. Out gda.1 now is to generalise the theory 
presented here and make it applicable to a wide variety of 
puttern-recognising machines. 
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Lr The finite eutoujata we consider are free to scan She tape horiiOfitilLy 
end ’.'-Oif iically. The tape itself is 0 finite Square ruled hotiiOntally and 
vertically intc s-squures, i.a r , squares of sldelength s. The hounding c-squares 
of the tape are marked with the special symbol B (border), while die interior squar* 
are r-arkdd with either a 0 (whits) or 1 (black); 



Example of a Tape 


All rows and columns except for the border rows and columns are labaled 
r, , ---, r and c^* ..., c^, respectively. The automaton begins its 
scan on square (r., c 7 ) and continues the scan until it either accepts or 
fejects die tape, or else cycles. The autonLacop is not allowed to fall off 
the tape. At each moasnt of time,, the aucocaton scans exactly one square, 
and shifts its scan by one square north* east, south, or west, depending cn 
itt Internal state and OLi the symbol that appears on the scanned square. The 
automaton can not write Oh its tape; ir can only scan it. 

Formally> a 2-dimensioaa1 automaton is a system UT = (s, f, g, s..., r * s^), 
where 3 is a finite sot, the set of statue, f Is the "sieiit state" function 
mapping S-U n , s ; } X (Q, 1* 2} iotp S. g is the "direction of motion” 
function mapping e^} k {3, 1, B} into E, S, WK 



is the initial state, Is the accepting state, and is the rejecting 
state, «\. SOy thet accepts a tape if, by starting l£ in state $,, on thw 
square {c\ , □. ) , lU eventually halts in state s^; vT rejects the tape if it 
halts IS State We flay chat ^can decide whether or met the patters 

Or. a Cipe has property T 1 if iC OCCupts all tapes with the property ? and 
rejects all tapes that ate without it. 

£■>; . . ..pies . The following, properties of tapes are decidable by autoi^ita: 

1+ The tape contains precisely k I’s. To decide whether a tape is of 
this kind, the automaton scans the tape and counts 1'a. 

2. The cape is white except t'ot a single rectangle (i,e. y the l K s 
on the tape torn a filled’-in rectangle) with sides parallel to the sides 
of the tape, The automaton decides whether a tape ha* such a pattern on it 
by scanning the columns oi the tape one after the other, starting with c, 

and c.idin, with c . Hach time tnu automaton passes through a boundary of the 

Ik 

insCr-.he--, rectangle, it checks the slope of the boundary at that point by 

scanning a neighborhood of the point- It makes sure that the slope is zero 

except when the scan is at the left or right edge of the rectangle. 

3„ Ihu tape contains a single square with sides parallel to the sides of 
She tape, CntC the autOGLaton has checked that the pattern i? a rectangle, 
it can check whether or net it is a sqnare by finding a vertex of the rectangle 
and than stanning from that vertex at 45 p to the vertical toward the other 
vertex, if the opposite vertex is reached, then the rectangle is a square, 
otherwise it is not + 

4. At least one of any number of pachwtee-connected components on the tape 
is square: It is easy to gee hew the automaton can ayatematically check each 
oJ the individual Components without Cycling, lech of the components must be 
checked in such a way that if the component is not a square, then the automaton 
can return co the point of entry into tliet component, 

A property that is not decidable by an automaton is whether a tape is 
symmetrical about the central column. This fact can be proved by toe methods us 
co prove theorem 1. 



ilocy cot Lens about finite automata that are easy to solve. In the 

1- ai ".ansional esse are impossible in the 2-dLnensiouai case< For c?tar,. -ft, 
lL.l. . L-obiati whether a I-dimensional autoc^acon accepts a tape is solvable 
by *ii, effective algorithm, while the problem whsther a 2-dimensIoaiL 

ante.'..ate"; accepts even a blank tape is recursively uagoluablo^ This follows 
liman lately fpoa the fact that A 2-C0unt« automaton is universe! (of. Minsky 
); Hones, chu x* y coordinates of the automaton on the 2-c im=r.s ions L 
tapa seiv-i. in plac^ of the count erg. 

I: LkO remainder of this paper, we use the word "automaton' 1 to mean 

2- d i. ■ ar.a ions I ant oma ton. 


2 . Thi cheer earn in this section provides an txiiapU of a problem that an 
automaton Cannot solve* Thi proof of the theoren is particularly icLporcant 
buca.,so it embodies an idea that reappears in the proof a of several other 
theorems.. This is the idea of two thunks of tape being, indistinguishable 
to the automaton. 

Per .. Itjjn . A chunk of tape ie a borderless svbsquare of the tape with 
some fi>.SL. pattern of 0's and l"s on it. The length k of the side of the 
Chun* is called the .sice 1 ength of the chunk* We suppose chat the squares 
for.-hg. the boundary of s chunk are numbered x,, iij, around che 


purletter of the tape* 

Par a;i:itii.-.n . Wo say chat 2 thunks of equal sidelength are ^ eg viva lone 

If the following holds: het be any point on die boundary of a chunk, 

and *ii s. be any scace of , Suppose chat if enters one of the 

chunks at x. snd in state it escice that chunk at some point a. and 
r i J 

in some state s i . Then if w enters the other thunk at and in state 

a,, it also exits chat chunk at x, and in. state s . 

■*■ J J- - 

Thus if 2 chunks are M -equivalent, we say vX cannot distinguish 

batmen the patterns on those chunks. Clearly* -equivalence is an 

equ_valence relation on chunks. 
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i_, Ir. £OuJral an automaton cannot decide whetheir A tape who:, a 
sic-. ha* oca length has a 1 ltl its cantor squ^rs, 

'2':^ - ■>?£ -SsSuiiic that an automaton, t can make this decision. -.40 

-;so suppose, without Loss of generality,, that wn«n if halts, it does so 

on square £r.. , 0 ^, A chunk of tape of sidel-ength x has £x squares along 

its .leris&te* , so for each entry into that chunk, an automaton with n 
states cap. exit in one of 4xn ways, or else not exit at all4 a total of 
+ 1 possibilities. Since an automaton has 4xn ways to enter a chunk, 
it follows that there are at most (4xn + L)' lKT1 i*]_ -equivalence classes 
o: c.vanks of s id slijag tfr a. Thus can distinguish among at most this 
many chunks. However, the total number of chunks of sldelengEh x is 2?- 2 „ 
bine a 2'- > (4ku + l)^ 1111 for xV n, it follows that there are at least 
2 do. t ter ant ’-equivalent chunks, 'These 2 chunks differ, say, in square 
" 3( T- Construct two tapes to Contain these chunks, and make the tapes 

sufficiently large sc that the square sq appears in the center of both tapes: 

Ncx- .-.otica that ^ cannot distinguish bfcttf&frrt these two tapes. Hence 
canc., t decide whether the center of a Square tape contains a l or a G. QET5 

The idea Or a nondeterministic 1-dincusional automaton [tf. Rabin & Scott) 
extends naturally to that of a nondetErministic 2-dimensional Automaton, 
Corollary 1 A no nde terrain is tit automaton Is more powerful than a deterministic 

tUtOMktOftr 

i'r-:- : A mond user minis tic automaton Can decide whether a square tape contains 

a L C-r s 0 In its center square. It does this by initiating a scan from 

\f . o > along the diagonal to (r , c J, Whenever the automaton sees a 
-L mm 

1 nh-ng this diagonal. It may make a 90left turn, and move toward the 
border, or cohtluve along its way to (r , c >, If it can reach (r, , c ) 

Tfl HI 1 m 

ly -Peking Lhd Correct 9 5“ turn, then the tdpe contains a l in its center 
Squur*. Otherwise the tape dovs not. 

QEft 
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3. % r c extend the pov-ev e£ an automaton by giving it a finite number 
if Kdrkurs, labeled m^, ■■■« n^p At any moment the Automaton may place 
a marker a. on the particular square Of the rape it is scanning, stld at 
that moment any ather occurrence of m on its tape instantly disappears. 

V?c call this cayker an ‘'abstract marker". Another kind of marker T also 
denoted by ai, , m. , is called the "physical marker™! The physical 

marker is a kind of labeled pebble that an automaton nave a about Oh the 
£a ? £ - To git the physical marktf transferred from one position CO another, 
the automaton must actually go to the marker and move it to its now 
position. 

Both abstract and physical markers may be stacked like poker chips 
On a single square, Actually, it 1$ easy CO prove that they need not be; 
Theorem 2.1 k-marker automata that can place at moat one merk&r On any 
£“square are just ss powerful as k—marker automata that can stack any 
number of thege markers on an c-square, 

Obviously, an automaton vith k abstract markers can simulate one with 
k physical markers. The reverse is also true, as we shall see. In this 
paper, depending on the theorem we wish to prove, it is Sometimes convenient 
to switch fros one type of darker to another. 

Theorem ■? An automaton with k Abstract markers can be simulated by one 
With k physical markers. 

Proof Let ^X. denote the automaton with abstract markets, and let denote 
the automaton with physical markers. IP simulates if by moving about on the 
cape, piecing markers just as ^ would, (This is okay until is required 
to place a marker than appears elsewhere.) 

During this simulation,^ remembers the marker, call it m^, 

that it last saw and the state, call it a * it ^as in when it last saw m , 

j, 1 i 

Sow when vt is required to put down a darker, t.^, that has been placed 



elscv Lerr.'. P achieves this same result by Che folLowing roundabout .rjethod; 
Jp f—st locates Til . by gcanning the tape, ■? picks up m and carriee it 
i l sc.:ir far m^, When 1? finds r,. ? it recalls what state it wos in when 
it last li^ft sneers that a tat a, atjd proceeds with the simulation. QIQ 

He ha mentioned that the markers ore labeled 1 through k* Ac £ up i t y, 
this .s unnecessary \ 

Theorem % r i An automaton with utllabolfrd markers can simulate one with 
label.-d ir-trlscfa. 

The antenna fan da as SO by keeping track of the positions of the markers 
relative :c one another, 

In a-.^auiSCon with 1 marker is mort powerful than ar, automaton without 
any markers* '’or one thing, tha automaton with a marker cun decide whether 
the cento- square o£ a tape contains a 1 ar a fl: The automaton starting at 
(r^ , e ) .'.ovas its marker along tt;e uiaganal tdwnr-d (r^, c^}. Each time it 
movirt its marker one nare square along the diagonal, the automaton drops the 
itark r and rung off at 90 13 to the diagonal looking for the tape square 
(r ; , c ) , Jlien it fiiids that square^ the marker in on the center SqyaifO. 
ana ■■■:■! thfe automaton can make its decision. 

'■ : : .■:: * ~. r Automata with 2k +■ 4 markers, k£0, ere more powerful than 
ante ata with k markers; There is a certain property F such that a 2k + 4 
lariur automaton can decide whether or not a Lap« has the property } but no 
l-nur her automaton can take this decision. 

Observe that it is possible to represent the state diagrs” of any 
kni-irlur automaton on A tapt* This Can be so formalized that a 0-markoIf 
■ X. iron can dociut whether at not a tape contains the representation of 
■> ■. k-marker automaton. He suppose that Such a .represenLa Cion of automate 

.. .■ -eon fcrnalized, and we let t(^) be the tApO description of the stace 
cra^rsn or oli automaton . He note the somewhat curious fact thAt Any 
me- required to decide about t(3£)}* and that ^ must accept,, reject Of 
cycle on thxt tape. 
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OilL1 1 -is .:-l . 1 Proof Leclfjj be assy k^marker automaton. Let F t?o the property; 

(1) The tape is of type t , 

(2) Ilia sidalafi£tb X of the tape is greater than the number, n h of states of r 

(3) jp. Jits not accept this tape. 

-£f it a 2 k + 4 marker automaton that accepts Capes with property T and 

rejects all others * is described as follows: It uses marker n, to 

heap track of the state o£ as ^ scans t {fl>- The marker in a is used to 

keep track of the position of £ as ?y scans c{1^. The k markers m. , . . . , ts, 

ara usee to represent^)? k marker a. The remaining k +■ 2 markers era used to 

tell whether or not $ is cycling; these markers are used for counting the 

nu:j>er 0L ! Stips taken by * They are started together or. {r^, c^) p and 

they arc moved in such a way that, if cycles, they eventually appear in 

all possible combinatlons of positions or. the tape. In this cjss f the 

markers co,n be made to end up together on (r T C ) , end this is the only 

ci m J 

Case in which they do. Thus if all the markers reach (r , c ), -U concludes 

JB m 

that 7j> cycles on t (J^i and so accepts t(j|V). 

T I J-*! 

Oa & cape of sideleagth x y k 4- 2 markers can assume, (k ) l< 

, r 2 k+2 

difftrtnt, positions, Th.ua la able. to simulate up to £x ) L ' aovea 

of has n states, SO it can make at most X 2 ■ n 

2 ki-2 2 k 

mevei without cytlingr For large x, (xl ) > £x J ^ x ■ iu Therefore 

there exists a taps t(JJ) of sufficiently large sidelength n such that 
# accepts- 1 {£) if end only if ^ doea not. 
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4, Uefit;it ion The pattern on a tape is the set of all Heck Squares that ■ 
appear there. Tire squares are adjacent if they share a conutr. edge {not just 
e caiman verteaj , Ttifi bouiiriafy of a patters is the set at all black squares 
tl.ac tre aij Eicon t EO White squares. A pattern is egenact ed If and only if 
fihy 2 black squares are joined by a string of adjacent black squares. 

Although It seems certain thne a G^markcr automaton cannot decide if a 
pattern i& pathkIse-COtmttted, we have no proof of this result. Dn the positive 
side, we can prove 

l.lOO-.'" i A 1-carter autccatorij tf, can decide if a pattern is patbwise™ 
connected. 

Ls! 7.".A 1 let S be e pcthuiga-connecced pattern, and let p^ p., be two 
boCud-ary points o£ R. Suppose a Curve joins p. and p^. without intersecting, 

R at any other points. Then there exists a curve joining and p.-, that li&S 
entirely on the boundary of R, 

Def 1 nltloh Us say that a column cuts a pattern in two if and only if a black 
square lies to the right of the column, and a black square lies to the left and 
no black square that lies to the right is connected by a string of adjacent 
black squares to a black square that lies to the left of the coluitn. Kota that 
the c ut t ing c.o luctn stay c or.ta in blsck sq llst eg . 

Ler.ijs 2 A pattern R is pat’nwiae—connected if and only if (1) Ko column. cuts 
the pattern in two, and (£) Any pair of boundary squares that Li* in tht same 
column and have only white squares lying between them are connected r 
Hr sol 0t Thaortgi checks Conditions (1) and (2} of lemma 2: 

(1) U scans the cape column by col atm from c^ co c^ to decide whetlier 

a column cuts the pattern in two. If X finds such n column, it announces 

that R i-H not connected. Otherwise t Zt proceeds with (1), 

(2) U SCani the columns from c to e t Each c is scanned frcE. (r , c ) 

1 » 1 1 i 

to (r , c }. and tills scanning is interrupted whenever ZZ . during 

"i 1 

its southward pvaveaent within c., leaves R at some point [r , 0,} and 

£ S. 1 

re-enters it at sot,a point (r_^ , 0 >k. When this happens* Zt leaves the 



itarker at the paint c-} where it re-antered R, Then> starting at that 

p oir. t, travels orovnd the boundary containing that marker. Eve ntus 1 ly 

one Of tut things happens j (1) finds itself at the point (r „ c ) on 

K. 3L 

the R-boundary directly above the marker, En this ease* the point 

, t^} on which the marker lids is connected to the point {r. „ c .) above 

it, In this case, continues the vertical scanning interrupted above, 

{2} tr returns to the marker without passing through the point (r^_ , c^), 

In this cate, wa know from lcrann 1 that the pattern is not pathwisa-Connected. 

If if scans the whole tape without finding that R is disconnected > it 
anno Ur. cos chat R is connected. Qep 

Corollary A l-marker automaton dan decide whether a given pattern is simply 
connected. 

Propf The idea is to have the automaton check that the pattern K and its 

COJf.pl crfifir.t are pathwise-connected. This is complicated by Che fact that K nay split 

the tape into several disjoint components. The details of what the 
automaton must do in this case art left to the reader. QEH 

k Ih this section we study the prcblerr of deciding whether one region 

is a translation of another. As a first example, we note that a l-marker 
automaton can decide whether a SOiLart region is a translation of another. 

AS we shall see, however, a L-£,ark&r automaton cannot decide whether a 
simnl--Tcor.tccted region is 0 translation of another. 

We extend OUT definition of W"equivalence to the case where U has 
physical markers, 

DefitItlcLi lie say that two chunks of equal sidelength are -aouivalent 
if they are -equivalent, where <i is gotten from the automaton by 

inking away the markets from if . (We malice that this definition is rather 
informal) - 
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Thea -1 a.7; 3 ScpoOSC that U 3 a 1-murkcr aytoruston, is presented with; .'i 

tape that contains exactly two disjoint simply—to nn e c t e-d regions. Then 3f 
Cannot decide whether one of these regions* E.^ , is a translation o£ the 
other, 

Def lr.iflop The pattern on a chunk is the soC of ell black squares on 
that c.njpk. 

Lemma The number of different simply-connected patterns that fit in 

&- 2 ) ■ ■£■ * 

O square of aidelcngth k is at least 2 Z 

r l-qo: at The square on the right contains a simply-connected Pattern 

and t»2) ■ ?■ checkmsrkod unit-squares. 

Any subset ot : these checkijarked unit-squares 
may be fi-laC in, and the resulting Pattern 
Will still he simply-connfitCcd. Th* result 

follows, QED 

Troop. L. ~f Theorem Actually, we prove the somewhat stronger result chat 
as aorematon cannot decide whether R^ is a translation of given chat 
1* -.astricted to the left half {LH.) of the tape while R^. Is restricted 
to the right half <RK). 

V:e as a nine to th* contrary that Che automaton "tf can decide, Ue 
further assume without loss of generality that (2) ^ has a physical marker, 
and (r) ^4 ends up with the marker at thi top of the central column in 

cs.'.e it decides 'yes'* bet with the marker at the bottom of the centre! 
calve .;l in case it decides "no 1 . 



The loan Of the proof is to Show that there exist different simply- 
connected regions R, & s+c* 5J must carry its marker beck and forth a cross 
cbe central column in the sOinC way when both Lit and fth contain E. as when 


LH. contains IL and RK contains FU. 

duppose the tape has sideLength / . Considorchunks of sideicn&th 
X - f/2, These chunks may contain any one of 2 simply-connected patterns. 

If has Lt states* there ate £wxn) M -equivaltnt classes of chunks^ 
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The largest such class has at least y = 2 . 2 _ different 

-equivalent simply * te»™etted reg-arn , 

To ba gin„ we suppose the tape has any one of these y regions in LH 
and any one in EH. We partition the y different -equivalent sirnply-COrtrtected 
replans which appear in LH into -fn 4^-equivalence classes; First note 
that if 4t is started with its marker in LH, then &£ carries its marker into EH 
in one of /n ways ( must carry Che marker across the central column in order to 
decide which one of the y regions appears in Erf)■ Kow say any two 

-equivalent regions arc -equivalent provided that,, no matter 

which one of these particular 1 regions appears in LH {and no matter which 
of the y ?f -equivalent regions appends In RH ), 4t carries its marker 
across the central, column in the &ame way far both regions. 

At least ahe ef these ^-equivalence classes has y 4 s y/j£ n calibers. 

Mow suppose the tape has any one of these y i regions in LH and anyone in EH. 

The argument continues now with %£ r s marker being it. RH. ££ may move across 

the central column without Its marker any Lumber of times. However„ ^ must 

eventually carry the marker across into LH if it is to distinguish which of 

the y ^ {different -equivalent) simply-connecLed regions appears in LH.iTcsn Carry 

the marker across in one of jfn-1 ways. By the same argument as above, at 

least y^ = y /fiq.(|Wr0o£ these regions ere #-equivalent in the sense that 

no matter which one of these y , regions appears ih RH (and na matter which 

of the y^ regions appears in LH) the autruftaton moves its marker across the central 

column from RH to LH in the same way. 

Continuing in this way> one finds that there are y/(£n)[ regions which 
are ,^-eq nival e n t in the sc ns a that they are indistinguishable to an ^ 

that tarries its asrker across the central columR at most (/ft)] times* 

But tatthOt carry its marker across the central Cdlumf, more than (jfft) t ti~eg 
without cycling* hut y/C-£n)J & 1 for Hence ^ Cannot decide if the 

region in Eli is really a translation of the one in LH, QLD 

it is trivial to show that a 2-marker automaton can decide whether one 
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sioply-COiUWCCod ragion is & translation of another. Sence we have 
CoL~clln.uv 1 A S-markcr automaton. is core powerful than a L-markcr automaton 

It is ocmgidi3T-ably more difficult to prove that a £ -marker 
SUtOinAtcn CCO decide whether an arbitrary pathvise-connected region is 
a translation of another. The following proof waa suggested by Mr. Terry 
3uyer, It is a considerably simpler version of our original proof. 

The or Qio t > . Suppose a tape contains two disjoint pathwiSC-Connected regions t 

sr.d i^* An automaton with two markerg can decide whether or net R^ 
is a translation. of Ji,^. 


Proof We shall give a set of instructions for the outmatch* and 
prove that these instructions do the job* Hero is £ general Outline ; 

puts m. On an outer boundary point, of R^ * and 
puts on on outer boundary point, p^* R^ * w ^*- c * 1 
is chosen sO that if “ T(lL) , theft p^ ” T(p^). 

(4) iflovbs m- about the outer boundary of and 

about the Outer boundary of and checks that these 
boundaries are alike* 

(5M&> scans and compares the interiors of R, end R^, 

checking that these interiors are alike. 

This completes the proof. 

^"e fill in this outline now, because it is non-trivial ta show 


that £E can really do these things* 
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CL) A standard way for an automaton to find a point p^ on the outer boundary 

of a component R. is to have ic Sian the tape column by column, fro^i C to ! , 

- 1 1 in 

afl(J scan each c. from {r „ O to (r „ c ) until it finds the first 

1 ±1 PI 

shades square, p.. Kate that U can always find this p no natter where 
U aiay be, by going to {r^ , c.) a ns scanning as above. To rind a pc-int 

of , w scans the tape in reverse from. c.. to c , scanning c. from 

■*- i& l i 

(r^ : . C.) CO (x^ > , If - t (R,>, then the point that ^ finds must be 

A point, Rj- However, q.^ miy be a point Of 3^ if ^ T(R^). Since £C does 

not l_:ow whether R„, - T(ft^)* it puts On m. % on q,, and proceeds in 

(1) to check whether q, e 

(1> U checks vhuthor g., £ E. by scanning around the boundary that 
contains ;iL^r If 3*1 finds m. then e R,, If if returns to without 
finding m, then q^ c R , If q„ c R^, answers chat R. f T(R,). If 
t ft ( SI prccaeds as in £3). 

to) finds the point c R^ chat corresponds w p. e R. in the sense that 

if 3L “ then p^ = T(p.). To do this, $E finds the easternmost point 

of :■,.., and if there ere several such points, it finds the northernmost one 

a™or. LJ chem + This point Is p... (We have omitted some detail of how does 

tnls; It finds thu point p,, & by placing both ca, and tij on the outer 

boundary of 3.,, end shuffling them about on that boundary. if keeps m, 

on the easternmost point it has so far found on 3^. The marker is 

moved about on the same boundary of R,, and each time it is moved t W 

leaves It and scans the taue locking for m . If is east or north of a, , 

1 i i. 

puts c:, in place of n_ and continues to move about on the boundary 
of E^, if knows that m^ is at point p v When if has moved around clr,e boundary 

from m^ back to without shitting the pOSicion of m^-) 

(4) In £D, placed on p^ ind m,, on Row compares the outer 

bouncorles of R^ and E^ by moving on the boundary of Sfc^ in unison with 
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it. ; on the boundary of 5^- ( can tell when the marker* hive returned 

to the starting points p. and p^j Each title ^ moves the markers* 'SC goes 

to (t^ ,c.), scans for p^, and checks whether m. is on If ci^ is not 

<H' P|, W continues to move m n and m on Che it respective boundaries)* 

(5) ^ neitt uses the markers to sCAn end Corpora the interior of K. 

with that or R . V does tills by moving m. vertically through R and it 
i 1 ' i 2 


in unison through Each move of m^ is from ah onter boundary of 

(across atly number of inner boundaries) to the next Outer boundary of 
S.. * By CO.ipletely scanning R n and LL^ t decider whether or not they art 

alike, ro be explicit, suppose is on an outer boundary point p of R_ 

and it... is on the corresponding point T(p) sf 3^, H moves m south 
through lv until it teaches a boundary point. It -drops m^ at that point, 
and it drops on the corresponding point of R 0 . Than determines 
whether m. is on an outer boundary of R , ( d&CSs this by moving along 

the boundary that contains t chooking at each point whether a shaded 
S^\4T{ Lies on the same tow to the east. If a shaded square appears east 
of each point on that boundary, than m^ lies on an inner boundary of R^, 

If a border square appears east of some point, then m^ lies OH the outer 
boundary of R. ) . If is not on the outer boundary* continues the 
scan with m. and m,-, chocking whether both regions are aLike, until m 
dees get placed on the Outer boundary. If m* does lie on the outer boundary 
of 3.^* must be on the outer boundary of I*:.. , because the outer boundaries 
of St^ and R.., ara identical. Finally, shifts and m* north and places 
thee on the first outer boundary point it finds, the ones whence it came, 

(6) shifts ft ok one point on the boundary to the next adjacent one. 


Ll is cosy to see how docs this* Then ^ Continues at (5). 

By the procedure described above, r: T scans all of IL and 
simultaneously scans ell of 3j, so and are properly compared. 


QED 
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